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' Abstract 

I— J ; 

■ The Lie symmetries of the geodesic equations in a Riemannian space are computed in terms of the special 

projective group and its degenerates (affine vectors, homothetic vector and KiUing vectors) of the metric. 
^ . The Noether symmetries of the same equations are given in terms of the homothetic and the KiUing vectors of 

the metric. It is shown that the geodesic equations in a Riemannian space admit three hnear first integrals 
5— ( , and two quadratic first integrals. We apply the results in the case of Einstein spaces, the Schwarzschild 

spacetime and the Friedman Robertson Walker spacetime. In each case the Lie and the Noether symmetries 
are computed explicitly together with the corresponding linear and quadratic first integrals. 
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1 Introduction 

Geometrically the Lie symmetries of a system of differential equations are understood as automorphisms which 
preserve the solution curves. In a space with a linear connection there is an inherent system of differential 
equations defined by the paths (or autoparallels) of the connection. It is well known that these curves (as a 
set) are preserved under the projective automorphisms of the space. Therefore it is reasonable one to expect a 
relation between the projective coUineations of the space and the Lie symmetries of the system of differential 
equations of the paths. 

A special case of the above scenario occurs in a Riemannian space in which case the paths are the (affinely 
or not) parameterized geodesies determined by the metric. In this case one expects a close relation to exist 
between the geodesic equations and the projective coUineations (PC) of the metric or their degenerates affine 
coUineations (AC), homothetic Killing vector (HKV) and Killing vectors (KV). 
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Indeed this topic has been discussed extensively in the literature. Classic is the work of Katzin and Levin 
([I]; Hi [3]:|3)- Important contributions have also been done by Aminova ([S], [5], [7], [5]), Prince and Crampin 
and many others. More recent is the work of Feroze et al [TOl where the case of maximally symmetric spaces 
of low dimension it is discussed . 

Furthermore, because the geodesic equations follow from the variation of the geodesic Lagrangian defined by 
the metric and due to the fact that the Noether symmetries are a subgroup of the Lie group of Lie symmetries 
of these equations, one should expect a relation / identification of the Noether symmetries of this Lagrangian 
with the projective coUineations of the metric or with its degenerates. Recent work in this direction has been 
by Bokhari et all ([II],[I1]) in which the relation of the Noether symmetries with the KVs of some special 
spacetimes it is discussed. 

In the present paper we give a complete answer to both topics mentioned above. In Section [2] we give 
a brief introduction concerning the autoparallels of a symmetric connection. In Section [3] we determine the 
conditions for the Lie symmetries in covariant form and relate them with the special projective symmetries of 
the connection. A similar result has been obtained by Prince and Crampin in [3] using the bundle formulation 
of second order ordinary differential equations (ODE). In Section|4]we apply these conditions in the special case 
of Riemannian spaces and in Theorem [1] we give the Lie symmetry vectors in terms of the special projective 
coUineations of the metric and their degenerates. In Section [5] we give the second result of this work, that 
is Theorem [21 which relates the Noether symmetries of the geodesic Lagrangian defined by the metric with 
the homothetic algebra of the metric and comment on the results obtained so far in the literature. Finally in 
Section|8]we apply the results to various cases and eventually we give the Noether symmetries and the associated 
conserved quantities of the Friedman Robertson Walker (FRW) spacetimes. 



where i is a parameter along the paths. When (j) vanishes, we say that the autoparallel is affinely parameterized 
and in this case t is called an affinc parameter, that is one has: 




x'it) + r;.fe(x(t))i^ (i)i'= W - 0, i = 1, . . . , n. 



(2) 



If X = X'^da is a vector field on the manifold the following identity holds (see Yano [13] eqn. (2.16)): 



jk — ^ jfc + J- jk,l^ + ^,fcJ- Ij + ^ Ik ^ ]k 



(3) 



We say that the vector field X is an Affine Collineation (AC) iff: 




^The coefficients r* j, in general are not symmetric in the lower indices. In the autoparallel equation jlj the antisymmetric part 
of Fr j., (the torsion) does not play a role. 
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In flat space equation ^ implies the condition: 

Xa,bc = (5) 

the solution of which is: 

Xa = Batx'' + Ca (6) 

where Bab and Ca are constants. The geometric property /definition of affine collineations is that they preserve 
the set of autoparallels (i.e. paths) of the connection together with their affine parametrization (that is, by an 
affine symmetry an affinely parameterized autoparallel goes over to an affinely parameterized autoparallel of 
the same connection). From (jG)) we infer that in an n-dimensional space there are at most n + = n{n + 1) 
AGs and, when this is the case, it can be shown that the space is flat. 

We say that a vector field X is a projective coUineation of the connection if there exists a one form uji such 
that the following condition holds ([13], [E]): 

CxT),=u:,Sl+u:kS]. (7) 

In a Riemannian space the form oj* is closed, that is, there exists a function /(x*), called the projective 
function, such that: 

CxT),^ l,Sl + lkS]. (8) 

In flat space condition ([8]) implies that: 

XaM = Bab + iAcX'')gab + CbXa- (9) 

which has the solution: 

Xa = Babx'' + {Abx'')Xa + Ca (10) 

where again the various coefficients are constants. In an n-dimensional space there are at most + n + n ^ 
n{n + 2) projective collineations of the connection and when this is the case, it can be shown that the space is 
flat. This holds in any space irrespective of the signature of the metric and the (finite) dimension of space. In 
case that the function / satisfies the condition f-ij = 0, that is, f^i is a gradient KV, the projective collineation 
is called special. 

The geometric property/definition of the (proper) projective collineations is that they preserve the set of 
autoparallels, but they do not preserve the parametrization. 

3 Lie point symmetries of the autoparallel equations 

We write the system of ODEs ^ in the form = oj'^{x, x, t) where: 

uj'ix,x,t) = ~ri^:{x)±H''- - (j)ix)x\ (11) 
The associated linear operator defined by this system of ODEs is: 



3 



The condition for a Lie point symmetry for the system of equations is [15] : 

[XW,A] = A(.t'^)A (13) 
where X'^' is the first profongation of the symmetry vector X = ^{t,x)dt + rf{t,x)dxi defined as foHows: 

^{t, X, x)dt + v"{t, X, x)d^. + G^^^'di, (14) 
and G^^l' are the coefficients of the first prolongation given by the formula: 

It is a standard result [T5| that (|13p leads to the following three conditions: 

-Ae = A (15) 
Gill* = At?^ - i'Ai (16) 
xW(cj*) - A(GW') = -c^'Ae (17) 

For any function, /(t, a;*) , A/ = cZf/dt = f t + /.ji* is the total derivative of /. Using this result we write 
the symmetry conditions as follows: 

X^^\uj') - ^(GW*) = (20) 

We note that the second condition (|T^ defines the first prolongation G^^l*. The first equation (fT5|) gives the 
factor A. Therefore the essential symmetry condition is equation ([^0]). 

To compute the symmetry condition we have to compute the quantities ^[^'(a;') and A[G^^^^) — taking 
into consideration ((T5)) and pT|) . The result of this formal calculation is: 

x[i](w^) - (ea* + va.. + G[ii'^aiO(-r}fe(x)i^i'= - 0(a:)i^) 

+ (-er|fe,),t - ??'r|,^.),, - ,7^fer^y) - ryj.q^,) + </>c,,.<5} + 2f^,r|,^.))i^i'= (21) 

A(GW') - c.*^ - ^]tt + (2^?:*, + Hi - 2<^^/} - ^,i,<5})i^ 

Substituting into the symmetry condition (|20p and collecting terms of the same order in x^ we find the following 
equations: {i — 1, . . . ,n): 
(i)° terms: 

77V + 77' = (22) 
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(i)^ terms: 

C_,,<5} - e</>/} - 2[r7:,^ + r^':,Tl,^^] - + ^^,7f]5] = (23) 

(i)^ terms: 

^v^Uk) = + i^lkju + 2^,t(/l) (24) 



- t\e\^hk)5\) = . (25) 



xY terms: 

Define the quantity: 

* = - 0e (26) 
Then condition (|24|) is written (note that 0,i = 0): 

^r,n,k)='i^(,A)-^'^\k,),f (27) 

If we consider the vector £,=£,dt (which does not have components along di), we find that: 
Hence (l27l) is written as: 



rxH^-fc) =2$(,/*,), (28) 

where X = £,+V~^dt + rf{t,x)dj.i. We note that this condition is precisely condition (O for a projective 
coUineation of the connection along the symmetry vector X and with projecting function $. Concerning 
the other conditions we note that can be written in covariant form (relevant to the indices a = 1, 2, . . . , n) 
as follows: 

^^tS] - 277:^1, = (29) 

where — rf^j+rf^iV^^^j,--^ is the covariant derivative of the vector ry*^ with respect to ^\kjy Similarly condition 
(PSj) can be written as 

^\(jk5\) =0. 

Contracting on the indices i and j we find the final form: 

Cio-fc) = 0. (30) 

This implies that is a gradient KV of the metric of the space {x'}. 
Condition ([22]) is obviously in covariant form wrt the indices a. 
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The Lie symmetries of the autoparahel equations (not necessarily afBnely parameterized) for a general 
connection defined on a C°° manifold are given by the following covarianj^ equations: 

r?:,, + = (31) 

^lo-fc) = (32) 

^,t5] - 2v:tu = (33) 

/:xn,fe) =2$(,/^.), (34) 

where the Lie symmetry vector X = S,+'ri=^{t, x)dt + ?7*(i, x)dxi . In particular in the n— dimensional space {a;*} 
the vector ^ ^ is a gradient Killing vector and the vectors if (t,x)dj;i are projective coUineations, whereas in the 
jet space {t, a:*} the Lie symmetry vector X is an affine coUineation. 

In the following we restrict our considerations to the case of Riemannian connections, that is, the F*^ are 
symmetric and the covariant derivative of the metric vanishes. 

4 Calculation of the Lie symmetry vectors for a Riemannian con- 
nection 

We compute the Lie symmetry vectors for the case of affine parametrization (0 = 0) and the assumption 
F* J, J = i.e. the F^j. are independent of the parameter t. The later is a logical assumption because the F^^ are 
computed in terms of the metric which does not depend on the affine parameter t. Under these assumptions 
the symmetry conditions (|5T|) - read: 

ri^tt = (35) 
e|Ofc)=0 (36) 

/:^f;., = 2^,^0-51.). (38) 

The solution of this system of equations is given in the following Theorem. The actual computations are 
given in the Appendix. 

Theorem 1 The Lie symmetry vector X = ^(t, x)dt + rf{t, x)dxi of the equations of geodesies (0) in a Rieman- 
nian space involves all symmetry vectors, that is, KVs, HKVs, ACs and special PCs as follows: 
A. The metric admits gradient KVs. Then 
a. The function 

i{t, x) = ^ {GjS-^ + M) t^ + [EjS-^ + K]t + FjS-' + L, (39) 
where Gj,M,h,K,Fj and L are constants and the index J runs along the number of gradient KVs 



^ These are covariant equations because, if we consider the connection in the augmented n + 1 space all components of 

r which contain an index along the direction of t vanish. Therefore the partial derivatives wrt t can be replaced with a covariant 
derivative wrt t. 
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b. The vector 

T]'{t,x)^A'{x)t + B'{x)+D'{x) (40) 

where the vector A'^{x) is a gradient HKV with conformal factor ip — ^ {GjS'^ + M) (if it exists), D^{x) is 
a non-gradient KV of the metric and B^{x) is either a special projective collineation with projection function 
EjS-'{x) or an AC and Ej ^ in if?P|). 
B. The metric does not admit gradient KVs. Then 

a. The function 

^{t, x) = ^Mt^ +Kt + L (41) 

b. The vector 

T]'{t,x)^AHx)t + B\x)+D'{x), (42) 

where A'^(x) is a gradient HKV with conformal factor -0 = ^M, D^{x) is a non-gradient KV of the metric and 
B^{x) is an AC. If in addition the metric does not admit gradient HKV, then 

^{t) =Kt + L (43) 
'n'{x)=B\x)+D\x). (44) 



5 The Noether symmetries of the geodesic Lagrangian 

In a Riemannian space the equations of geodesies (|4]) are produced from the geodesic Lagrangian: 

L = ^g^Ji'x^ . (45) 

A vector field X = ^ (i, x'^) dt + 77* (t, x*^) dj.i is a Noether symmetry of this Lagrangian if there exists a smooth 
function f{t,x'^) such that [12] 

X^L + ^L^f, (46) 
dt dt' ^ ^ 

where X^^^ — ^ (i, a;'"') dt + 77' (i, x*^) d^i + — ^*lt ) ^^^t prolongation of X. We compute: 



Replacing the total derivatives in the rhs 



dt 



we find that 



X^L = i {vi''gij,kx'x' + 277*(5yi^ + r]\^gikX^i'' + T]\gkjx''x'' - 2£, tg,ji'i^ - 2^ f.g,jx'x^x'') 



The term 

^L^^{^^, + x''^^^)g,,x'x'. 
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Finally the Noether symmetry condition is 



This relation is an identity hence the coefficient of each power of x^ must vanish. This results in the 
equations: 

x'x^x'' : ^^fe = (47) 

x'x^ : = 2 Qe,t) 9^3 (48) 

■■ V•;9^J = f,^ (49) 
-f^t^O (50) 

Condition (gT)) gives ^ =^ C = C (*)■ 

Condition ([501 implies / (a;'') and then condition (|47p gives that 77* is of the form: 

77, = /..i + i^.(xJ). (51) 

Then from (jlB]) follows that must be at most linear in t. Hence ^(t) must be at most a function of t^. 
Furthermore from follows that 77' is at most a CKV with conformal factor -0_ff = ^(^^ + where 
are constants. We consider various cases. 

Case 1: Suppose ^ =constant=Ci. Then 77' is a KV of the metric which is independent of t. This implies 
that either f^i — and / ^constant = yl = or that f^i is a gradient KV. In this case the Noether symmetry 
vector is: 

X' = C,dt+g'' if,jt + K,{x^)), 

where is a non-gradient KV of gij . 

Case 2: Suppose ^ = 2t. Then 77* is a HKV of the metric gij with homothetic factor 1. Then 7;^ — Hi{x^) , 
f^i = => / =constant= where is a HKV of with homothetic factor ip, not necessarily a gradient HKV. 
In this case the Noether symmetry vector is: 

X' = 2i;tdt+H'{x''). 

Case 3: ^{t) = t^. Then 7;* is a HKV of the metric gij (the variable t cancels) with homothetic factor 1. 
Again /,; is a gradient HKV with homothetic factor ip and the Noether symmetry vector is 

X' ^i;t^dt+g''f,jt. 

Therefore we have the result. 

Theorem 2 The Noether Symmetries of the geodesic Lagrangian follow from the KVs and the HKV of the 
metric gij as follows: 

C(t) = Czijt' + 2C2^t + Ci (52) 

= CjS-''' + CjKV'' + CijtS-'^' + C2H'{x'-) + CstiGHVy (53) 

fix') =Ci+C2 + Ci + Cj + [CijS''] + Cs [GHV] , (54) 
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where S"^'^ are the Cj gradient KVs, KV^^ are the Ci non-gradient KVs, is a HKV not necessarily gradient 
and {GHVy is the gradient HKV (if it exists) of the metric gij. 

The importance of Theorem [5] is that one is able to compute the Lie symmetries and the Noether symmetries 
of the geodesic equations in a Riemannian space by computing the corresponding coUineation vectors avoiding 
the cumbersome formulation of the Lie symmetry method. It is also possible to use the inverse approach and 
prove that a space does not admit KVs, HKVs, AGs and special PCs by using the calculational approach of 
the Lie symmetry method (assisted with algebraic manipulation programmes) and avoid the hard approach of 
Differential Geometric methods. In section [5] we demonstrate the use of the above results. 



6 First Integrals of the geodesic equations and collineations 

Consider a Riemannian space with metric gtj . As we have shown in Theorem [U the Lie symmetries of the 
geodesic equations of the metric coincide with the KVs, the HKV, the AGs and special PGs of the metric gij 
(if they are admitted). For each Noether symmetry one has the first integral 

xWl + ^L=|-, (55) 
dt dt' ^ ^ 

where, as before, A"[^l is the first prolongation of X. In this section we study the relationship between first 
integrals and corresponding conserved quantities of Noether symmetries. 
We recall first some well-known definitions and results [I]. 

Consider the geodesic with tangent vector A*^ = ^ where s is an affine parameter along the geodesic. An 
mth order First Integral of the geodesic is a tensor quantity Ar^...r^ such that: 

^ri. ..r„A'^\.. A''" = constant (56) 

or equivalently (because A^^ = 0): 

P{Ai...r,„;fc}A'' =0, (57) 

where P{} indicates cyclic sum over the indices enclosed. Without restriction of generality we may consider 
^ri...r„ to be totally symmetric; for example for two and three indices we have: 

P{A.i,k} = {A^,k+Ak■,^) 
P {^ij;fc} = (^ii;fc + ^fej;i + ^ife;j) • 

Katzin and Levine ^ have proved the following results concerning First Integrals: 
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Table 1: Collineations and corresponding First Integrals 



Symmetry 


Condition 


First Integral 


KV 






gradient KV 






HKV 






gradient HKV 




CrjX'x^ 


AC 






PC 






Special PC 




- 4(/'gy ) X^X^ 



7 First Integrals of Noether symmetry vectors of geodesic equations 

We know that, ii X = S^(x^ , t)dt + rj'' [x^ , ijd^i is the generator of a Noether symmetry with Noether ftmction /, 
then the quantity: 



dL 

dx^ 



f 



(58) 



is a First Integral of L which satisfies X0=O. For the Lagrangian defined by the metric gij, i.e. L = ^gijX'^x^ , 
we compute: 



= -^^gijx'x^ - gijTj'x^ + f. 



(59) 



In ([5^ , ([55)) and (|54p we have computed the generic form of the Noether symmetry and the associated Noether 
function for this Lagrangian. Substituting into (j59p we find the following expression for the generic First 
Integral: 

+ [CjS-^-' + CiKV^' + CijtS-^^' + C2H\x-'') + Czt{GHVY] g,jX^ 
+ C1+C2 + C1 + CJ+ [CijS-'] + Ci [GHV] . 

From the generic expression we obtain the following First Integral; 



(60) 



*Ci = \9ijx'x^ 



C2^0. 

Cs^O. 



4'c2 = t'^gijx'x^ - gijH'-x^ + C2 



<^C3 = lf^9^Jx'xi „ t{GHV)^^x' + [GHV] 



= KVlx' - Ci 



(61) 
(62) 
(63) 
(64) 



^GHV stands for gradient HKV 
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^c, = g^S'^'x' - Cj (65) 

Cu ^ 0. 

(t)ij = tg,jS'^^'x^ - S-' . (66) 

We conclude that the First Integrals of the Noether symmetry vectors of the geodesic equations are: 

a. Linear, the (pjj 

b. Quadratic, the 4>ci^ 't'c2T 'Ps- 

These results are compatible with the corresponding results of Katzin and Levine [3] . 

8 Applications 

8.1 The Lie symmetries of geodesic equations in an Einstein space 

Suppose X°' is a projective coUineation with projection function 4>{x'^), such that -CxTJ^^ — (j) (,(5" + ^^b- I^or a 

R 

proper Einstein space (R ^ 0) we have Rab — — gat from which follows: 

n 

^Xgab = ^ 4>-ab - (In R)gab- (67) 

Using the contracted Bianchi identity [i?*^ — ^Rg^^ . = it follows that in an Einstein space of dimension 
71 > 2 the curvature scalar R =constant and ([57)1 reduces to: 

n(l -n) 

Lxgab = ^ <p.ab- 

It follows that if X°' generates either an afhne or a special projective collineation, then (/i.^j^ = 0. Hence X° 
reduces to a KV. This means that proper Einstein spaces do not admit HKV, AGs, special PCs and gradient 

Kvs mm) 

The above results and Theorem [1] lead to the following conclusion: 

Theorem 3 The Lie symmetries of the geodesic equations in a proper Einstein space of curvature scalar R ^ 
are given by the vectors 

X ^{Kt + L) dt + D' {x) d, 
where D^{x) is a nongradient KV and K,L are constants 

Theorem 4 The Noether symmetries of the geodesic equations in a proper Einstein space of curvature scalar 
i? ^ are given by the vectors : 

X = Ldt + {x) di , f = constant 

Theorem [3] extends and amends the conjecture of [ilOj to the more general case of Einstein spaces. 

We apply the result to the case of the Euclidean 2 dimensional space. The metric gij of this space admits: 

a. 2 gradient KVs, the and generated by the functions (p^, (/)g 
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b. One nongradient KV, the Y^, 

c. One gradient HKV, the (with homothetic factor 1). 
Therefore the generic Noether symmetry vector is: 

X = Cidt + C2 {2tdt + Y^) + C:,{fdt + YH) + CitY^ + C^tY'' + C&Y^ + CtF' + CgF^ 

where (see Table 4) 

= a,, y2 ^ ^3 ^ _ ^^^^ ^4 ^ ^ 

8.2 The Noether symmetries of Schwarzschild metric 

We consider the Schwarzschild metric 

ds^ =(l-'^\df- - (de' + sin^ --^-^n 



^'^N .-2 ^ -2 22)2 2 • 2/1^2 



The geodesic Lagrangian is: 

L= (l-—]t^- 7 V^?"^ - J-^^' - sin^ 

The Noether symmetries have been computed in [II] as follows: 

= 9, , ^2 = a* 

X3 = cos (pde — cot 9 sin 
X4 = sin (pde + cot 6* cos 

It easy to check that X2, X3, X4 and X^ are KVs of the Schwarzschild metric and, since this metric does not 
admit any gradient KVs or a HKV, these are the only Noether symmetries, a result compatible with Theorem 
m above. 

The first integrals of the geodesic equations of the Schwarzschild metric are: 
a. The metric integral: 



h. The linear integrals defined by the KVs: 



02 = t 

03 — (cos (j>)0 — (cot 9 sin cf) ) 

04 = (sin 0) ^ + (cot 9 cos </>) 

05 = ^- 



The extra Lie symmetry is sds 
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8.3 The First Integrals of the EucUdean sphere of dimension 2 

The metric of the Euchdean sphere of dimension 2 is: 

ds^p — sin^ ydx^ + dy^ 

The cohineations admitted by the 2-d Euchdian sphere (space of constant curvature) are three KVs and five 
proper PCs as shown in Table 2 [K]: 

TABLE 2: The projective algebra of the 2-d Euclidean sphere 



Type 




Vector 


K.V 







K.V 





X"^ = cot y cos xdx + sin xdy 


K.V 





= — cot y sin xdx + cos xdy 


Pr.Col 


— sin y sin y cos X 


X^ = sin y sin x cos yd^ — (2 cos'^ y — l) cos xdy 


Pr.Col 


— sin J/ sin y sin x 


X^ = — sin y cos x cos ydx — (2 cos^ y ~ l) sin xcJy 


Pr.Col 


— sin^ y cos^ x 


X® = 2 sin^ y cos x sin xdx — 2 cos^ x sin ?/ cos y9y 


Pr.Col 


— cos a; sin x sin^ y 


X"^ = [—2 cos^ a; + l) sin^ ydx — 2 sin y cos y sin a; cos xdy 


Pr.Col 


+ cos^ X sin^ y 


X^ ^ —2 sin^ y cos x sin x^^: — 2 sin^ x sin y cos ydy . 



Hence there exist three Line First Integrals due to the KVs (dot over a symbol indicates ^ , s being an 
affine parameter]^: 



11 — X sin y 

12 — X sin y cos y cos x + y sin x 
/3 = — xsiny cosysinx +ycosx 

and five Quadratic First Integrals corresponding to the special PCs: 

Qi — 4y sin X sin^ y (y cot X cot y — x) 
Q2 — 4y cos X sin^ y (x + y tan x tan y) 



(69) 
(70) 
(71) 



Q3 — 4 (x siny cos X + y cosy sinx) — 4x^ sin^ y — 4y^ cos^ y 
Q4 = 4sinxcosx (x^ sin^ y — y^ cos^ y) + 4xy siny cosy (1 — 2 cos^ 
= — 4 (xcosxsiny + y sinxcosy)^ 



8.4 The 1+3 decomposable metric 

We consider next the metric which is a 1+3 decomposable metric: 

dsi = -dT^ + U^5a(}dx°'dx^ 



*For example: 



/l = gijX^x-' = giiX^x^ + g22X^x^ = sin^ y-l-x-\-l-Oy = sin^ y ■ x. 



(72) 
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where Greek indices take the values 1, 2, 3. It is weU known [16 that this metric admits 15 CKVs (it is conformaUy 
flat). Seven of these vectors are KVs (the six nongradient KVs of the 3- metric r^,y, plus the gradient KV dr) 
and nine proper CKVs. The vectors of this conformal algebra are shown in Table 3 

TABLE 3: The conformal algebra of the 1+3 metric ^ ior K = ±1. 



K 


CKVs of dsl 


^3 


# 


CKVs of ds?+3 


■^1+3 


1 


H = X^-da 


V+(i/) = (7 (1 - 


1 


= — V'+ {H) cos rdr + H sin r 


^j^{H) sin r 


1 


H = X'^da 


■4j+{H) = [/ (1 - Ix'^xo,) 


1 


H2 = V'+ {H) sin tOt + H cos r 


Ip+iH) COST 


1 


Cm = {51 - ^Uxi^x"-) do. 


ip+{C^) = -Ux'' 


3 


Qt ^ — V'+(Cm) cos t9t + sin T 


V'+(Cm) sinr 


1 


Cm = (-5^ - W^>^^") 9c 


ip+{C^) = -Ux'' 


3 


<3^+3 = V'+(Cm) sinra,- + COST 


V'+(Cm) COST 


-1 


H = x^dc. 


^_{H) = U {l + \x°'xc) 


1 


= tp_ (H) cosh rflr + H sinh t 


V"- (^) sinh r 


-1 


H = x^d^ 


^_{H) = U {l + \x"xo,) 


1 


_ff^ = ip_ (H) sinh tSt- + H cosh t 


tp-{H) coshr 


-1 


Cm = (5p + W^.x") do. 


^_(C^) = Uxi" 


3 


= V'- (Cp) cosh r9r + sinh r 


V'-(Cm) sinhr 


-1 


Cm = (^m + Wx^x") do. 




3 


Q^+a = tp- (Cfi) sinh re?,- + cosh r 


ip-{C^) coshr 



According to Theorem [2] this metric admits the following Noether symmetries (see also Q): 

9s , rf_,^,If, ,dr ■■ / = constant 
sdr ■■ f = T 

with Noether conserved quantities: 

4>s = ^giji'i^ 



K+1 = ST-T 



(73) 
(74) 
(75) 
(76) 
(77) 



8.5 The Noether symmetries of the FRW metrics 

In a recent paper Bokhari and Kara [12] studied the Lie symmetries of the conformaUy flat Friedman Robertson 
Walker (FRW) metric with the view to understand how Noether symmetries compare with conformal Killing 
vectors. More specifically they considered the conformaUy flat FRW metricQ: 



and found that the Noether symmetries are the seven vectors: 

ds, , TAB 



^The second metric ds-^ = —t 3 dt^ + dx^ + dy^ + dz'^ they consider is the Minkowski metric whose Lie and Noether symmetries 
are well known. 
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where Sj are the gradient KVs dxdy,dz and tab are the three nongradient KVs (generating S0(3)) whereas the 
vector ds counts for the gauge freedom in the affine parametrization of the geodesies. Therefore they confirm 
our Theorem [2] that the Noether vectors coincide with the KVs and the HKV of the metric. Furthermore their 
claim that '...the conformally transformed Friedman model admits additional conservation laws not given by 
the Killing or conformal Killing vectors' is not correct. 

In the following we compute all the Noether symmetries of the FRW spacetimes. To do that we have to 
have the homothctic algebra of these models [19]. There are two cases to consider, the conformally flat models 
{K = 0) and the nonconformally flat models {K ^ 0). 

We need the conformal algebra of the flat metric, which in Cartesian coordinates is given in Table 4. 

Table 4: The conformal algebra of a flat n— dimensional metric 



CKV 


Components 


# 


^(1) 




Comment 


Pi 


di 


n 








gradient KV 


TAB 


25fAXB]dd 


n(n — 1) 
2 





VABab 


nongradient KV 


H 




1 


(fe^l)l 





gradient HKV 


Ki 


\2xix-^ - 5'\{XaX'')\ dd 


n 


(6^ = 5\)2xi 




nongradient SCKV 



Case A: K ^0 
The metric is: 



ds = i?2 (r) 



-dr' 



1 + ^Kx'x, 



[dx^ + dy^ + dz^) 



(78) 



For a general R (r) this metric admits the nongradient KVs P/ , r^^ (see Table 4) and does not admit an HKV. 
Therefore the Noether symmetries of the geodesic Lagrangian 



1 + ^Kx'x, 



of the FRW metric ((TS]) are: 
with Noether integrals 



1 



ds , P/ , r^^ 
, 0, = Pf , , 



<^{AB)^ 



(79) 



Concerning the Lie symmetries we note that the FRW spacetimes do not admit AGs |20) and furthermore do 
not admit gradient KVs. Therefore they do not admit special PCs. The Lie symmetries of these spacetimes 
are: 

ds, sds, P/ , r^,^. 

For special functions R{t) it is possible to have more KVs and HKV. In Table 5 we give the special forms 
of the scale factor R{t) and the corresponding extra KVs and HKV for K = ±1. 
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Table 5: The special forms of the scale factor for K — ±1. 



K 


Proper CKV 


# 


Conformal Factor 


i2(r) for KVs 


i?(r) for HKV 


±1 


Pr = 9r 


1 


{\nR{T)),r 


c 


exp (r) 


1 




1 




c 




1 




1 


%g^(i?(r)sinr) 


c 




1 




3 


-f±^{R(r)cosr),r 


c 


$ 


1 




3 




c 

sin T 


$ 


-1 


Hr 


1 


(i2(r) cosh r),. 


c 

coshr 


$ 


-1 


H2 


1 


%^(i2(r)sinhr),. 


c 

sinh T 


$ 


-1 




3 


^^(i?(r)coshr),. 


c 

cosh r 


$ 


-1 




3 


^^(i?(r)smhr) 


c 

sinh T 





From Table 5 we infer the following additional Noether symmetries of the FRW-like Lagrangian for special 
forms of the scale factor: 

Case A(l): R(t) = c =constant, the space is the 1+3 decomposable. 

Case A(2) K ^ 1, R{t) = exp (r) . In this case we have the additional gradient HKV Pr generated by the 
function ^ exp 2t. Therefore for this scale factor the Noether symmetry vectors, the Noether function and the 
conserved Noether quantities are: 

ds , Pi , r^y , 2sds + Pt ■ f = constant 
s^a, +sP^ :/ = ^exp(2r) 

with Noether Integrals 

4>s ' ' ^ = sgijx'x^ -gljPrX' and (f)^_^_^ = ^s^gijx'x^ - sP\xi + ^exp2T. 
The Lie symmetries are: 

ds, sds, Pi , r^^ ,Pr, s'^ds + sPr- 

Case A(3a) K = 1, R (r) = -^^if- In this case we have the additional non- gradient KVs H^, Q+. Therefore 
the Noether symmetries are: 

ds , Pi , r^i, ,H^, Q+ ■ f = constant 

with Noether Integrals 

, , > = and <^Q+ = {Q+)^x\ 

The Lie symmetries are: 

ds , sds , Pi , ,H^, Q+ 
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Case A(3b) K = 1, i? (r) = .'^ . In this case we have the two nongradient KVs H2 , Q^+s- 
The Noether Symmetries are: 



ds , Pi , ,H}, Q+^g : / = constant 

with Noether Integrals 

(j), , , (j)^ , = {H+).x' and (/)g+^^ = (Q++3).a;* 

The Lie symmetries are: 



Case A(4a) K = —1, i?(r) = — ; — . In this case we have the two additional nongradient KVs , Q-. 

cosh T if 

ds , Pi , r^^ ,H^, Q-^ ■ f = constant 



coshr 

The Noether Symmetries are: 



with Noether Integrals 

'/'^i , 9^/ , 0r > (pH- = {H{).x' and (jj^- = {Q~)^x\ 

The Lie symmetries are: 

ds , sds , Pi , r^i. .-fff, Q^- 

Case A (4b) K = —1, i?(r) = , we have the nongradient KV iJ^, Q^_|_3- 

The Noether Symmetries are: 

ds , Pi , r^i. ,H2, Ql,+s ■ / = constant 

with Noether Integrals 

(j), , (pi , (j)^ , = {H2)^x' and (pQ-^^ = {Q-+s).x\ 

The Lie symmetries are: 

ds ) sds ; Pi 1 ^fif ' Qji+3- 

Case B: K = 

In this case the metric is: 

ds = i?2 (t) {-df + dx^ + dy^ + dz^) 
and admits three nongradient KVs P/ and three nongradient KVs tab- Therefore the Noether symmetries are: 

ds , P/ , Tab '■ f = constant 

with Noether Integrals: 

'Ps = -j^gij^'x^ , (ppj = Plx' and (jip = {rAB)iX^. 

The Lie symmetries are: 

ds , sds , Pi , ^AB- 

Again for special forms of the scale factor one obtains extra KVs and HKV as shown in Table 6. 
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TABLE 6: The special forms of the scale factor ior K — 



# 


Proper CKV 


Conformal Factor ij: 


i?(r) for KVs 


i? (r) for HKV 


1 


Pr = Or 




c 


cxp (r) 


3 


M^-a = Xadr + rda 


(In i?(T)), 1- 


c 




1 


H = + X'^da 


T(lni?(T)) + l 


c/t 




1 


Vir = 2rH + [x^Xc -T'^)dr 


-(In ii(T)),, (-r^ + a;2 + y2 + ^2") ^ 2er 


$ 


$ 


3 


= 2a;^H - {x'^x^ - r^) 9^ 


2a;^[r(lnii(T)),, + l] 


c/t 





From Tabic 6 wc have the following special cases. 

Ccise B(l): R{t) = c =constant. Then the space is the Minkowski space. 

Case B(2): R (t) = exp (r) . Then P,- becomes a gradient HKV [ip = 1, gradient function ^ exp (2r)) . 
Hence the Noether symmetries are 



ds ,Pi , TAB , 2sds + Pt '■ f = constant 
s^ds + sPr : /=^exp(2r) 

with Noether Integrals 

<t>s ' ^Pi ' > (t>p^ = sgijx'x^ - Qij (PrY and = ^s'^giji^'x^ - s {Pr)^ + P^. 

The Lie symmetries are: 

ds , Sds , Pi , TAB , Pr ,s'^ds + sPr- 

Case B(3): R (t) = . Then we have four additional nongradient KVs, the H, and K^u, and the Noether 
symmetries are: 

ds , Pi, Tab , H , : / = constant 

with Noether Integrals 

fps ^ (t>Pj , <Pf , (t> ji = (H)ji:^ and = (K^)^a;\ 

The Lie symmetries are: 

ds , sds , Pi, ^ab , H , K^. 
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